EQUIVALENCE OF DOMAINS ARISING FROM DUALITY OF 
ORBITS ON FLAG MANIFOLDS 



TOSHIHIKO MATSUKI 



Abstract. In |GMlj . we denned a G^-Kc invariant subset C{S) of G c for each 
i^c-orbit S on every flag manifold Gc/P and conjectured that the connected 
component C(S)q of the identity would be equal to the Akhiezer-Gindikin domain 
D if S is of nonholomorphic type by computing many examples. In this paper, 
we first prove (in Theorem 1.3 and Corollary 1.4) this conjecture for the open 
JCc-orbit S on an "arbitrary" flag manifold generalizing the result of Barchini. 
This conjecture for closed S was solved in jWZlj . |WZ2| (Hermitian cases) and 
FH (non- Hermitian cases) . We also deduce an alternative proof of this result for 
non-Hcrmitian cases from Theorem 1.3. 



Let Gc be a connected complex semisimple Lie group and Gr a connected real 
form of Gc- Let Kc be the complexification in Gc of a maximal compact subgroup 
K of Gr. Let X = Gc/P be a flag manifold of Gc where P is an arbitrary parabolic 
subgroup of Gc- Then there exists a natural one-to-one correspondence between the 
set of .fTc-orbits S and the set of GR-orbits S' on X given by the condition: 

(1.1) S <-> S' -<=>- S H S' is non-empty and compact 



(jMU)- For each i^-orbit S on X we defined in |HMT] a subset C{S) of G c by 



where S' is the Gs-orbit on X given by (1.1). 

Akhiezer and Gindikin defined a domain D/Kc in Gc/ Kc in jAGj as follows. Let 
0r = t © m denote the Cartan decomposition of Qm. = Lie(G«) with respect to K. 
Let t be a maximal abelian subspace in im. Put 



where S is the restricted root system of Qc with respect to t. Then D is defined by 



We conjectured in |GMlj the following. 

Conjecture 1.1. (Conjecture 1.6 in |GMlj ) Suppose that X = Gc/P is not 
Kc-homogeneous. Then we will have C(S)q = D for all Kc-orbits S on X of 
nonholomorphic type. Here C(S)o is the connected component of C(S) containing 
the identity. 



1. Introduction 



C(S) = {x G Gc | xS H S' is non-empty and compact} 




D = G R (expt + )K c . 
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Remark 1.2. (i) When Gr is of Hermitian type, there exist two special closed 
i^c-orbits S t = K C B / B = Q/B and S 2 = K c w B/B = w Q/B on the full flag 
manifold Gc/B where Q = K C B is the usual maximal parabolic subgroup of Gc 
defined by a nontrivial central element in it and Wq is the longest element in the 
Weyl group. For each parabolic subgroup P containing B, two closed i^c-orbits S\P 
and S%P on Gc/P are called of holomorphic type and all the other fTc-orbits are 
called of nonholomorphic type. When Gr is of non-Hermitian type, we define that 
all the fCc-orbits are of nonholomorphic type. 

(ii) If X = Gc/P is i^c-homogeneous, then we have S = S' = X and therefore 
C(S) = Gc- So we must assume that X is not i^c-homogeneous. When Gc is simple, 
it is shown in [Oj Theorem 6.1 that there are only two types of i^c _ homogeneous 
flag manifolds X as follows. (Note that the i^ c -orbit structure on X depends only 
on the Lie algebras if Kc is connected.) 

(1) G c = SL(2n, C), K c = Sp{n, C), X = P 2n -\C). 

(2) G c = SO(2n, C), K c = SO(2n - 1, C), X = SO(2n)/U(n). 

Let S^p denote the unique open K c -B double coset in Gc- Then S' op is closed in 
Gc and therefore we can write 

C(S op ) = {x G G c | xS op D S' op }. 

The domain C(S op )o is often called the "Iwasawa domain". 

It is proved by Barchini (jBj) that G(5 , op )o C D. On the other hand, Huckleberry 
(|Hj) proved the opposite inclusion 

(1.2) D c C(S op ) . 

(Recently |M7j gave a proof of (1.2) without complex analysis.) So we have the 
equality 

(1.3) G(5 op )o = D. 
It is proved in Proposition 8.1 and Proposition 8.3 in |GMlj that C(S op ) C C(S) 



for all i^c-orbits S on all flag manifolds X = Gc/P- So we have only to prove the 
inclusion C(S)q C D in Conjecture 1.1. 

The first aim of this paper is the following generalization of Barchini's theorem 
which solves Conjecture 1.1 for the open iCc-orbit on an arbitrary flag manifold 
Gc/P- 

Theorem 1.3. Suppose that Gr is simple. Then there exists a Kc-B invariant 
subset S in Gc satisfying the following three conditions. 

(i) S consists of single Kc-B double coset when G« is of non-Hermitian type and 
consists of two K c -B double cosets when Gr is of Hermitian type. 

(ii) xS d PI S' op 7^ 4> for all elements x in the boundary of D. 

(iii) Let P be a parabolic subgroup of Gc containing B. If Gc/P is not Kc- 
homogeneous, then 

sns op p = ^. 

Corollary 1.4. Let P be a parabolic subgroup of Gc containing B. If Gc/P is not 
Kc-homogeneous, then C(S op P)o = D . 
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Proof. Let x be an element in the boundary of D. Then it follows from Theorem 
1.3 that xS cl n S' op ^ </>. If x G G(S op P) , then we have 

xS op P D S op P. 

Hence we have xS cl H xS op P ^ 4>. Since S op P is open in Gc, this implies that 
S fl S op P 7^ a contradiction to the condition (iii) in Theorem 1.3. Thus we have 
G(S op P) CD. □ 

Example 1.5. Let G c = SL(3, C), G R = ST/ (2, 1) and 

f /* * 0\ 

X c = <M * * e G c 

(\o o */ 

Then the complex symmetric space Gc/Kc is identified with the space consisting of 
the pairs (V+, V_) of two-dimensional subspaces V+ and one- dimensional subspaces 
V_ of C 3 such that V+ H V_ = {0} by the identification 

gK c »(V + ,V-) = (gV*,gV2). 

Here V+ = Ce 1 © Ce 2 and V° = Ce 3 with the canonical basis ei, e 2 , e 3 of C 3 . Using 
the Hermitian form = |zi| 2 + | ^2 1 2 ~ |^3| 2 defining SU(2, 1), we can decompose 
C 3 as 

C 3 = C U C + U C7_ 

where G = {z G C 3 | = 0}, C + = {z G C 3 | > 0} and G_ = {z £ C 3 
< 0}. Then the Akhiezer-Gindikin domain D/Kc is described as 

D/A^c = {(V+, V_) G G c /A c I V + - {0} C G + and V_ - {0} C G_} 

by [GMl j Proposition 2.2. Hence the boundary of D/Kq consists of the three Gr- 
orbits 

D 1 = {(V+, V-) G G c /K c I V+ is tangent to C and V_ - {0} C G_}, 

D 2 = {(V+, V_) G Gc/K c I 1/+ - {0} C C + and V_ G C }, 

£) 3 = {(y +j VL) G G c /A c I V+ is tangent to C and VL G G }. 

Let T? denote the standard Borel subgroup of Gc consisting of upper triangu- 
lar matrices contained in Gc- Then the full flag manifold X = Gc/B consists of 
flags (£, p) where £ are one- dimensional subspaces of C 3 and p are two-dimensional 
subspaces of C 3 containing £. Note that B is the isotropy subgroup of the flag 
(Cei, Cei © Ce 2 ). We see that X is decomposed into the six A c -orbits 



5 1 = {(£, P )eX 

5 2 = {(£, P )eX 

5 3 = {(£, P )eX 

5 4 = {(£, P )eX 

5 5 = {(£, P )eX 



t = v% 
P = v + }, 

£ C Vj and p D V }, 
pD ^-(SxUSa), 
£c V + °}-(S 2 US 3 ), 



S op = X - (S x U S 2 U S 3 U S 4 U S 5 ). 
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On the other hand, the corresponding GjR-orbits are 

Si = {(€,p)eX|€-{0}cC_}, 
S' 2 = {(£, P )eX\p-{0}cC + }, 
S' 3 = {(£,p) e X | £ - {0} C C+ and p n C_ ^ 0}, 
5*4 = {(-^p) G X | £ C C and p is not tangent to C }, 
'S's — {(^P) G X | p is tangent to C and £ <f_ C }, 
s 'op = {(^P) £ X \ £ C C and p is tangent to C }, 

respectively. 

If rrX c = VI) G P1UP3, then is tangent to C . Hence the flag (V7nC , V+) 
is contained in xS 2 H 5' . On the other hand, if xi^c = (V+, V_) G P 2 U P3, then 
VI C C . Hence the flag (V_,p) (p is tangent to C ) is contained in fl S op . Thus 
we have 

x(s 1 u s 2 ) n s' op ^ <t> 

for all elements x in the boundary of P. 

There are two nontrivial parabolic subgroups 

P l = {geG c \gVl = V°} and P 2 = {g e G € \ gCe, = Ce,} 

in Gc containing P. We see that S op Pi = S 5 U S'op and that S op P 2 = S 4 U S'op. So 
we have 

(Si u s 2 ) n s op P = 

for all parabolic subgroups P of Gc such that B C P 7^ Gc- Thus we have verified 
Theorem 1.3 for S = Si U S 2 in this case. 

Remark 1.6. (i) The following statement is false: 

x G <9(C(S) ) xS d n 9S" ^ 

for non-open S. In fact there is a counter example when = 577(2, 1) as follows. 
In the above example, let xKc = (V+, V-) be a point in D\. Then V + is tangent to 
Co and VI — {0} C C_. Consider the i\~c-orbit S4 on Gq/B. Then the intersection 
rrS 4 fl S4 consists of the flags (£,p) such that 

£ C G , £ £ y + and p D VI. 

Hence XS4 flS^ is not closed in Gc and therefore x G <9(C(S4)o). On the other hand, 
since xSf consists of flags (£,p) satisfying p D V_, it does not intersect dS' 4 = S' op . 
(ii) By the above argument we see that 

(1.4) x g Pi u d 3 =>■ (xS 4 n s^) d d xS 3 n s;. 

On the other hand suppose that x G P 2 U P3. Then VI C Go- Let (£o,Po) denote 
the unique flag in xS± fl S op given by 

£ = V- and p is tangent to G . 
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Then we can take a sequence {(i n ,Pn)} of flags in xS± R S' A converging to (£ ,p ). 
Hence 



;i.5) x e d 2 ud 3 ^ (xSi n S' A ) d d x5i n 



op- 



By (1.4) and (1.5), we have 

C(5 4 ) C D. 

Since the opposite inclusion is known by (1.3) and |GMlj Proposition 8.3, we have 

C(S 4 ) = D. 

On the other hand, we have C(S±Pi)q = C(Si) since S i P 1 = SjPi is of holomorphic 
type ( WZlJ. Hence C(S , 4) is strictly included in C(S , 4 Pi) though the contra- 
dicting converse inclusion and the equality are asserted in |HNj (ver.2) Proposition 
6 and Proposition 10, respectively. (Note that the projection S'J B — > S'^P\/P\ is 
proper and that Sf is left Pi-invariant.) 

Next suppose that S is closed. Then 5" is open ( |M2j ) and so the condition 

xS H S' is non-empty and compact (in G<c/P) 

implies 

xS C S'. 

Hence the set C(S) is the cycle space for 5" introduced by Wells and Wolf (jWWj). 
Let B be a Borel subgroup of Gc contained in P. Let {Sj \ j G J} denote the set of 
Kq-B double cosets in Gc of codimension one and Tj = Sf the closure of Sj. Then 
we defined in |HM2 a subset J' — J(S) of J for S by 

J'={jeJ \ S(BwB) cl = Tj for some w E W} 

and proved the equality 

(1.6) C(S) = tt{J') 
where 

n(J') = {xeG c \ xTj nS' op = (j) for all j G J'} . 

(See j(;M2j Remark 4 for the related paper jHWj .) It is also shown in |(;M2] that 
{Jj E jTj is the complement of S op in Gc- So we have the equalities 

(1.7) D = C(S op ) = fi(J) 
by (1.3). 

The second aim of this paper is to prove the following theorem. 

Theorem 1.7. Suppose that Gr is of non-Hermitian type. Then the Kc-B double 
coset S given in Theorem 1.3 is contained in f]j &J Tj. 

As a direct consequence of this theorem, we have: 

Corollary 1.8. If G^ is of non-Hermitian type, then fl(J') = D for all nonempty 
subsets J' of J. 
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Proof. Since D = Q(J) C Q(J') by (1.7), we have only to show the inclusion Q(J') C 
D. Let x be an arbitrary element on the boudary of D. Then 

xTj n S^ p D xS c/ n S' op ^ for all j G J 

by Theorem 1.3 and Theorem 1.7. So we have x ^ f2(J') for any J 7 7= 0. Hence 
ft(J') C D. □ 

By (1.6) we have: 

Corollary 1.9. //Gr is 0/ non-Hermitian type and S is a closed Kc-orbit on an 
arbitrary flag manifold X = Gc/P such that S 7= X , then C(S) = D. 

Here we review the history of the inclusion 
(1.8) C(S) C D 

for closed i^-orbits S on X. (As we explained, the opposite inclusion is already 
established.) 

It was conjectured in jOj (Problem 6) that the Akhiezer-Gindikin domain D would 
be the universal domain for all Stein extensions of Riemannian symmetric spaces 
G^/K and that it would coincide with the cycle spaces C(S)q and the Iwasawa 
domain C(S op )o. 

When Gr is of Hermitian type, (1.8) was proved in |WZlj and [WZ2 for closed 
i^c-orbits of nonholomorphic type (c.f. Remark 5 in |GM2j ). Remark that C(S)o is 
bigger than D if S is of holomorphic type (c.f. [WZl] and |GMlj ). 

Here we should note the following generality: Let tc : X' —>■ X be a Gc-equivariant 
surjection between flag manifolds and let S be a closed i^c-orbit on X'. Then 

X S cS' ^ xtt{S) C tt(S'). 

Hence 

x e C(S) =416 C(tt(S)) 

and so we have C(S) C C(tt(S)). This implies that we have only to prove the 
inclusion (1.8) for minimal flag manifolds with nontrivial i^c-orbit structure. 

In |GMlj . (1.8) was proved for typical minimal flag manifolds X with nontriv- 
ial i^c-orbit structure for all non-Hermitian classical Gr by case-by-case check- 
ings. (Note that they include the complex cases that Gr = SL(n,C), SO(n,C) 
or Sp(n,C).) We proposed our Conjecture 1.1 (Conjecture 1.6 in |GM1| ) by these 
many explicit computations. 

Recently, Fels and Huckleberry ( |FH| ) gave a general proof of (1.8) for closed S 
for all non-Hermitian cases by using a complex analytic notion "Kobayashi hyper- 
bolicity". But we need no complex analysis (except Lemma 2.1) in our proof of 
Theorem 1.7, Corollary 1.8 and Corollary 1.9 in this paper. 

The rest of this paper is consructed as follows. In Section 2 and Section 3, we 
consider real Lie groups G and associated pairs of symmetric subgroups H and H' 
of G. If G = Gc and H = Kc, then H' = Gr. In this general setting we defined a 
generalization of the Akhiezer-Gindikin domain D in |M7j . In Section 2 we define 
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generic elements in the boundary of D generalizing the results in ll'l 1; Section 4. 
(Remark: In Section 3 of [FHJ, they studied the Jordan decomposition and elliptic 
elements of the double coset decomposition Gr\Gc/ Kc- But these results were 
already given in |M5j in a more general setting as we explain in Section 2.) 

In Section 3 we construct a parabolic subgroup Pz such that H'Pz and Ha~ x Pz 
are closed in G. Here a a is an element of T contained in the boundary of expt + . 
Then we prove the key theorem (Theorem 3.2) which asserts that 

xHa-'Pz n H'Pz ± <P 

for all elements x in the boundary of D under some conditions. (If H' is a group 
of non-Hermitian type and G is the complexification of H', then the conditions are 
satisfied. If H' is of Hermitian type, then we must also consider P-z-) 

In sections 4 through 7, we assume that G is a complex semisimple Lie group and 
H' is a connected real form of G. Hence H is the complexification of a maximal 
compact subgroup of H' . (If we use the notations in Section 1, then we rewrite as 
G = Gc, H = K c and H' = G R .) In Section 4 and 5 we prove Theorem 1.3. In 
Section 6 we prove Theorem 1.7. Section 7 is an appendix for the orbit structure on 
the full flag manifolds. 

Remark 1.10. Recently Conjecture 1.1 is studied for non-closed and non-open orbits 
in |M8j. In this paper our conjecture is solved for non-Hermitian cases. So the 
remaining problem in our conjecture is only for non-closed and non-open orbits 
when Gr is of Hermitian type (c.f. Remark 1.6). 

Acknowledgement: The author would like to express his heartily thanks to S. 
Gindikin for his advice and encouragement. 

2. Generic elements in the boundary of Akhiezer-Gindikin domain 

First we prepare the following lemma on the "continuity" of the eigenvalues. For 
a complex m x m matrix A, define a norm N(A) of A by 

N(A) = max{|ajj| \ i, j = 1, . . . , m}. 

For 5 > define a compact neighborhood Ug(A) of A by 

U S (A) = {B | N(B — A) < 5}. 

For a matrix A let Ja{z) — det(zl — A) denote the eigenpolynomial of A. 

Lemma 2.1. (i) Let A be a complex square matrix with an eigenvalue A. Then 
for any e > there exists a 5 > such that 

B G Us(A) =^> there exists an eigenvalue \x of B such that \fj, — A| < e. 

(ii) Let A = {a^} be a complex m x m matrix. Then 

|A| < mN(A) 

for all the eigenvalues A of A. 
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Proof, (i) Take an rj so that < rj < e and that Ja( z ) 7^ for all z on the circle 
C, q : \z — A I = 77. Then there exists a 5 > such that 

£ = min{|/ B (z)| I B G * G C„} > 0. 

Put D v = {z G C I \z - A| < 77}. 

Suppose that there exists a. B E L^A) such that 

/b(z) 7^ for all z G A,. 

Then we will get a contradiction as follows. Put Bit) = A + £(-£? — A) for < t < 1 
and define t by 

t = inf{t G [0, 1] I f B(t) (z) for all z G D,}. 

Then there is a decreasing sequence in [to, 1] such that lim^ootk = t and that 
gk(z) = 1/ fB(t k ){z) are holomorphic functions on D v . We have 

1 

\9k{z)\ < j 

for z E D ri by the maximum principle. So we have \fB(t k )(z)\ > £ ior z E D v 
and therefore \fB(t )(z)\ > ^ for z G 1?^. Moreover if i > 0, then there exists a 
t G (0, t ) such that fB(t)(z) 7^ for 2; G D v , contradicting the definition of t . So we 
have to = and > i for 2 G -D^. But this contradicts the assumption that 

/a(A) = 0. 

(ii) If \z\ > mN(A), then we can define 

(zl - A)- 1 = - (i - -A] 1 = - (i + -A + \a 2 + ■ ■ ■ ) 

z \ z J z \ z z z J 

since the right hand side converges. So the eigenvalues A of A satisfy 

|A| < mN{A). □ 

Let G be a connected real semisimple Lie group. Let a be an involution of G 
(automorphism of G of order two). Then there exists a Cartan involution 9 of G 
such that a 9 = 9a. Denote the corresponding involutions of g = Lie(G) by the same 
letters as usual. Let 

= f) © q and g = t © m 

denote the +1 and —1 eigenspace decomposition of g for the involutions o and 9, 
respectively. Put r = o9. Then r is also an involution of G. Let 

= f)' © q' 

be the +1 and —1 eigenspace decomposition of q for r. Then 

f)' = (t D fj) © (m n q) and q' = (t n q) © (m n f)). 

Define two symmetric subgroups H and if' as the connected components of G u and 
G T , respectively, containing the identity. Then H and H' are called "associated" 
(HE], |MT] ). 
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It is studied in [M5 the double coset decomposition H\G/L where H and L are 
arbitrary two symmetric subgroups of G. Of course we can apply it to the pair of 
the symmetric subgroups (H, H') . 

Remark 2.2. Kc and Gr are associated in the complex Lie group Gc- So we can 
consider the setting in Section 1 special one. 

We defined a generalization of the Akhiezer-Gindikin domain in |M7j as follows. 
Let t be a maximal abelian subspace of 6 D q. Then we can define the root space 

0c (t, a) = {X G 0c I [Y, X] = a(Y)X for all Yet} 

for any linear form a : t — > iR. Here Qc — © ^0 is the complexification of 0. Put 

E = S(0 C , t) = {a G it* - {0} | C (t, a) ± {0}}. 

Then E satisfies the axiom of the root system (jE] Theorem 5). Since 9(Y) = Y for 
all Y G t, we can decompose 0<c(t, a) into the +1, — 1-eigenspaces for 9 as 

(2.1) 0c(t,a) = tc(t,a)0mc(t,a). 
Define a subset 

(2.2) E(m c , t) = {a e it* - {0} | m c (t, a) ^ {0}} 
of E and put 

t+ = {Y e 1 1 \a(Y)\ < | for all a G E(m c , t)}. 
Then we define a generalization of the Akhiezer-Gindikin domain D in G by 

D = H'T + H. 

where T + = expt + . (We showed in |M7j Proposition 1 that D is open in G.) The 
following assertion is already proved in the proof of |M7j Proposition 2. 

Lemma 2.3. D n T = T+(T n H ) . 

In |M5j we considered the automorphism 

f x = TAd(x)aAd(x)~ 1 

of for every element x in G. Then we defined the "Jordan decomposition" x = 
(exp X n )x s of the element x so that f x = / Xs Ad(exp(— 2X n )) = Ad(exp(— 2X n ))f Xs 
is the usual multiplicative Jordan decomposition of the automorphism f x of and 
that X n is a nilpotent element in q' n Ad(a; s )q. It is shown in [M5l Proposition 3 
that 

(2.3) H'x s H C (H'xH) cl . 

Let dD denote the boundary of D in G and dT + the boundary of T + in T. 
Lemma 2.4. If x G dD, then H'x s H = H'aH for some a G dT + . 



10 



TOSHIHIKO MATSUKI 



Proof. Ify = h'th G D with h! G H', te T+ and he H, then 

f y = rKd(h'th)aM(h'th)- 1 = Ad(/i / )raAd(t)- 2 Ad(/i')" 1 = Ad(/i , )^Ad(t)- 2 Ad(/i')" 1 

Hence the absolute values of the eigenvalues of f y are all equal to one. 

Let x be an element of dD. By the continuity of the eigenvalues shown in Lemma 
2.1 (i), the absolute values of the eigenvalues of f x are all one. This holds also for 
f Xa . So if we decompose x s = (expX p )xk (polar decomposition) as in [M5J Section 
4.2, then we have X p = and Xk = x s . Let us call such an element x s "elliptic" 
following the terminology in jFHJ. We can show that y G G is elliptic if and only 
if y is contained in H'TH by the arguments in the proof of [M5 Theorem 2. Write 
x s = h'ah with some h! G H f , a G T and h G H. By (2.3) x s is contained in D cl . 
Hence a is also contained in D . We have only to show a G {D C\T) cl in view of 
Lemma 2.3. 

Since f a = rAd(a)crAd(a) _1 is semisimple, we can decompose jj as 
(2.4) = (h' + Ad(a)h)©(q / nAd(a)q) 

by [M5 Lemma 1. Let B( , ) denote the Killing form on q and let Bg( , ) denote 
the positive definite bilinear form on q defined by Bq(X,Y) = —B(X,8Y). Since 
a G D , we can take by (2.4) an element Y of q'flAd(a)q such that y = (exp Y)a G D 
and that Bg(Y, Y) < e 2 for an arbitrary positive real number e. Since 

/„ = rAd(y)aAd(y)- 1 = / Q Ad(exp 2Y)' 1 = Ad(exp2F)- 1 / a 

is elliptic, it follows that Ad(exp 2Y) is elliptic. Taking e sufficiently small, we may 
assume that Y is semisimple and that the eigenvalues of ad(F) are pure imaginary. 
Hence there exists an element h G H'nAd(a)H such that Y' = Ad(h)Y is contained 
in t which is a compact Cartan subset of q'H Ad(a)q (c.f. [OMJ Corollary of Theorem 
2). Since (exp Y')a G D n T and since B e (Y', Y') < B e (Y, Y) < e 2 by the following 
lemma, we have proved a G (D n T) cl . □ 

Lemma 2.5. If Y = Ad(g)Y' for some g G G and Y' G t, then B e (Y',Y') < 
B S (Y,Y). 

Proof Since B g (Ad(k)Y', Ad(k)Y') = B e (Y',Y') for k G K, we may assume g = 
exp Z for some Z G m. Write Y' = ^ A Y\ with A-eigenvectors Y x for ad(Z) (A G 1). 
Since Y' G t, we have 9Y\ = Y_\. Hence 

B (Y,Y) = B e (Ad(expZ)Y',Ad(expZ)Y') = e 2X Bg(Y\, Y\) 

x 

= B e (Y 0l Y ) + ^(e 2A + e- 2X )B e (Y x , Y x ) 

A>0 

> B e (Y , Y ) + 2B e (Yx, Y x ) = B (Y', Y') □ 

A>0 

Lemma 2.6. Every x G dD is contained in the boundary of the complement G — D d 
ofD cl in G. 
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Proof. First assume that x is semisimple. Then we may assume x = a = expY 
with Y G dt + by Lemma 2.4. There exists an a G E such that a{Y) = ni/2 and 
that mc(t, o) ^ {0} by the definition of t + . Since X \— > rX defines a conjugation of 
m<c(t, a), we can take a nonzero element X of mc(t, a) such that tX = —X. Then 
Z = X + X is a nonzero element of fl m fl q'. Since 

/(e xp tz)a = rAd(exptZ)Ad(a)crAd(a)- 1 Ad(exptZ)- 1 

= Ad(exp tZ)" 1 rAd(a) ( TAd(a)" 1 Ad(exp tZ)' 1 

= Ad(exptZ)- 1 / a Ad(exptZ)- 1 = / a Ad(exp tzy 2 = Ad(exp tZ)- 2 f a 

and since Ad(exptZ) -2 has a nontrivial real eigenvalue for t G M x , it follows that 
(exptZ)a is a non-elliptic semisimple element and hence (exptZ)a ^ D cl for t G M x . 
Thus a G d(G — D d ). 

Next assume that x is not semisimple. Then we may assume x = (expX„)a with 
an a G dT + and a nilpotent element X n ^ in q' fl Ad(a)q by Lemma 2.4. By a 
generalization of the Jacobson-Morozov theorem, there exist a Y G f)' H Ad(a)f) and 
an G q' fl Ad(a)q such that 

[Y,X n ]=2X n , [Y,X] = -2< and [A„,A^]=r 
( |KR| Proposition 4, c.f. also jHij Section 1). For t G 1R X we have 

[x n + t 2 x' n , y - -x n + tx;] = 2t(v - ix„ + tX' n ). 

v v 

Hence Ad(exp(X n + t 2 X' n )) is semisimple and it has an eigenvalue e 2t . From the 
same argument as in the first case it follows that (exp(X n + t 2 X' n ))a is a non-elliptic 
semisimple element for t G M x . Hence x = (expX n )a G d{G — D ). □ 

Let E(mc, t) be as in (2.2) and similarly define another subset £(tc> t) of E by 

E(t c ,t) = {a G zt* - {0} | « c (t,a) ^ {0}}. 

For a6E and A; G M let p a ^ denote the hyperplane in t defined by 

p a ,k = {Y ei \ a{Y) = km}. 

Define families TL+ and Ti- of hyperplanes by 

H+ = {p a , k | a G E(£ c , t), G Z} and = {p a)k \ a G E(m c , t), k G - + Z}, 

respectively. Put 7i = U H_ . Then the family 7-^ of hyperplanes defines a family 
£ of Euclidean cells consisting of cells A which are maximal connected subsets of t 
satisfying the condition 

AcporAflp = for all p G Ti. 

We have the cellular decomposition t = Ua€£ Since t + is bounded ( |M7j Lemma 
1), there exists a finite subset B of E such that dt + = Uagb^- ^or A G £ let E^ 
denote the subset of E given by 

= {a G S | A C p a: k for some p ajk G 7i ± } 

and put Sa = E^ U E^. 



12 



TOSHIHIKO MATSUKI 



Let Y be an element of a cell A and put a = exp Y. We can prove the following 
lemma by the same argument as in |M7j Lemma 2. 

Lemma 2.7. g£» = 3tc (t) © QeS + fi c (t, a) © aeS - m c (t, a). 

Proof. By (2.1) we have the decomposition 

0c = (Mt,a)©mc(t,aO). 

aeEU{0} 

If X G fic(t,a), then f a (X) = Ad(a)- 2 6(X) = e~ 2a ^X. If X G m c (t,a), then 
f a (X) = Ad(a)- 2 9(X) = -e~ 2a{Y ^X. So the assertion is clear. □ 

This lemma implies that 

Ia = B fa = W n Ad(a)f)) © (q' n Ad(a)q) 

is independent of the choice of Y in A. Let 3a denote the center of 1a and Sa = 
[1a, Ia] the semisimple part of 1a- Then we have [a = 3a ©Sa and therefore 

(2.5) q' n Ad(a)q = t A D q' = (3a n q') © (s A n q'). 
By Lemma 2.7 we have 

3a n q' C 3e(t) n q' = t 

Hence we can write 

3a D q' = {Y e t I a(Y) = for all a G S A }- 

This implies that 

(2.6) 3a H q' is the tangent space of A. 

We see that the nilpotent variety in Sa H q' is decomposed into a finite number of 
(S/^nH') -OTbits where denotes the analytic subgroup of G for Sa- (It is shown in 
[KRj Theorem 2 that there are a finite number of nilpotent ((Sa ni7') )c-orbits Ac 
in (sa H q')c- F° r each Ac it follows from the Whitney's theorem for real algebraic 
varieties (jWEj, |PRj Theorem 3.3) that Ac H (s A H q') consists of a finite number 
of connected components which are (Sa H if')o-orbits.) 

For A G i3 let Ad denote the union of the nilpotent (Sa H if')o-orbits of codimen- 
sion d which are contained in the closure of the set (sAnq') e ;/ of the elliptic elements 
in 5a H q'. Define a subset 

M(A, d) = H'(expXT d )(expA)H 

of G. 

Proposition 2.8. (i) dD = \J d U AgB M(A, d). 

(ii) //Ad 7^ 0, i/ien M(A,d) is a locally closed d-codimensional submanifold of 
G consisting of a finite number of connected components. 

(hi) dD = (\J AeB M(A,l)r. 
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Proof, (i) Let x be an element of dD. By Lemma 2.4 x is contained in 

H'(expX n )aH 

for some a G dT + and a nilpotent element X n in Sa H q'. Here we write a = exp Y 
with Y G A C <9t + . We will show that X n is contained in the closure of (s a H q')e«. 
Since S&r\ H' <Z H' C\ aHa^ 1 , we can take an Sa H //'-conjugate of X„ so that X n 
is sufficiently close to the origin. If X n is not on the boundary of (s A H q') e zz, then 
there exists a neighborhood [/ of X n in 5a H q' consisting of non-elliptic elements. 
Take a neighborhood V of in ja H q'. Then it follows from (2.4) and (2.5) that the 
set 

H'(exp U)(expV)aH 

contains a neighborhood of y — (expX n )a in G consisting of non-elliptic elements. 
Hence y is not contained in the closure of D, contradicting to x G dD. Thus we 
have proved that X n is on the boundary of (5 a H q') e ;/. Conversely, if X n is on the 
boundary of (5 a H (\') e ii, then it is clear that y = (expX n )a G dD. 

(ii) It follows from (2.4), (2.5) and (2.6) that the codimension of M(A,d) in G 
equals the codimension d of Md in SAHq'. Considering the left if'-action and the right 
if- act ion, we have only to show that M( A, d) is locally closed at y — exp X n exp Yq 
for every Yq G A and every X n G A/^. Furthermore taking an Sa H i/'-conjugate, 
we may assume that X n is sufficiently close to 0. Let V be a compact neighborhood 
of Fo in A. Then the nontrivial eigenvalues of f cxp Y for Y G V are contained in 
a compact subset A of U(l) — {z G C | |z| = 1} such that 1 ^ A. By Lemma 
2.1 (ii) we can take a neighborhood U of in 5a H q' such that the eigenvalues of 
Adexp(— 2Z) are not contained in A -1 for all Z G U. By (2.4) and (2.5) we have 
only to show that 

(exp U exp V) n M(A, d) = exp(C/ n A/j) exp V. 
Suppose Z G C/, y G V and exp Z exp F G M(A,d). Then we have only to show 

Let 0c denote the A-eigenspace for / exp y- Then g c is decomposed as 

Be = 00c 

A 

since f cxpY is semisimple. Since / cxp2cxp y = / exp yAdexp(-2Z) = Adexp(-2Z)/ Cxp y, 
we can furthurmore decompose the spaces into the generalized eigenspaces as 

0c = Sc ^ 

where = {X G \ (Adexp(-2Z) - fiI) k X = for some k}. Note that every 
X G 0^ is a generalized eigenvector for / C xpZcx P y with the eigenvalue X/i. Since 
we assume that fi A -1 , we have 

Xfj, — 1 ^> A = // = 1. 

This implies that the generalized eigenspace of / cxp 2expy for the eigenvalue 1 is 
contained in = (1a)c- O n the other hand, the condition exp Z exp Y G M(A, d) = 
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H'(exp A/"d)(exp A)H implies that 

(2.7) /expZexpy is conjugate to f( exp w)b 
for some W G A/d and 6 G exp A. So we have 

dimg c ; = dimg^ = dim([ A )c- 

Hence we have 

0c = (ta)c- 

This implies that the linear map Adexp(— 2Z) : (Ia)c — > (ta)c has the unique 
eigenvalue 1. Hence Adexp(— 2Z) is unipotent on (Ia)c an d therefore Z G Sa H q' 
is nilpotent. 

It follows from (2.7) that 

dim c £ cxp z cxp y = dim c 0c (cxpW) \ 

Since g£ cx P ZcxpV " j s contained in = C = (1a)c, we have 

Similary we also have 

/ (cxp w, 6 = ( j a) w = {x g l c I [X, H/] = 0}. 

Hence we have dim c (lA)c = dim c (lA) c K and therefore dim c (sA)c = dimc(SA)(f • 
This implies that 

dim c Ad(5*A)c^ = dim c A(1(Sa)cW. 
By [KR Proposition 5 we have 

dim c Ad(S A nir)cZ = ^dim c Ad(S A ) c Z = ^dim c Ad(S A ) c W = dim c Ad(S A nH') c W. 
So we have 

(2.8) dim Ad(5 A n H')Z = dim Ad(S A n F')W. 

Since W G A/^, it is contained in the closure of (s A H q') e ^. Hence exp Z exp F G 
H'(exp W)aH is contained in 3D. By the argument in the proof of (i), we see that 
Z is contained in the closure of (sa H q') e jj- Combining with (2.8), we have proved 
ZeAT d . 

(iii) Let x be an element of M(A, d) C <9-D such that d > 2. Let f/ be a 
neighborhood of x in G. Suppose that U does not intersect |J AeB M(A, 1). Then 
£/ — <9D is connected because U D <9.D is a finite union of locally closed submanifolds 
of codimension greater than two. But U D D and C/ — D cl are both nonempty open 
sets by Lemma 2.6, a contradiction. Thus 3D = (|J A B M(A, l)) d . □ 

Remark 2.9. (i) It is known that d > dim(sA H t) ([KRJ Proposition 9). Hence 

M(A,1)^ 

only when the rank of Sa = S A U £ A is one. 

(ii) In general we can prove that codimcH'xH > dimt for any x = (expX n )x s G 
G. So we may call x = (expX„)a; s regular if codimcH'xH = dimt. Regular 
semisimple elements studied in |M5j are contained in the set of the regular elements. 
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The author is grateful to Michael Otto for suggesting the existence of this notion of 
regularity. 

(iii) Suppose that mc(t, a) ^ for all the longest roots a in E. Since all the roots 
in E are contained in the convex hull spanned by the longest roots, t + is written as 

t + = {Y G t | \a(Y)\ < - for all the longest roots a G £}. 

So the condition M(A, 1)^0 for A G B implies that 

E A = E A = {±a} 

for some longest root a. Suppose furthermore that all the longest roots in E are 
mutually W^; n #(t)-conjugate. Then we can write 

(JM(A,1)= |J M(A,1) 

with a longest root a in E where 

£ a = {A G B I a(Y) = for all Y G A}. 

So we have <9L> = (U Ae a M ( A > ■ 

3. Construction of parabolic subgroups 

Let a be a root in E(mc, t) and suppose that 2a ^ E. Let 5c be the subalgebra of 
0c generated by mc(t, a) ©mc(t, —a). Since [mc(t, a), mc(t, —a)] C ^(i) and since 
[3 tc (t),m c (t, ±a)] C m c (t, ±a), we have 

(3.1) s c C 3 Ec (t) © m c (t, a) © m c (t, -a). 
Clearly s = Sc H is a real form of s C - 

Proposition 3.1. (s, s T ) = (so(2,n), 5o(l,n)) w/iere n = dime mc (t, a). 

Proof. Let X 1— > X denote the conjugation with respect to the real form g. Since 
X 1— > r(X) is a conjugation of mc(t, a), we can take a nonzero element X G mc(t, a) 
such that r(X) = X. Put Fi = [X, r(X)} = [X,X]. Then we have 

Y 1 g 3 flc (t) n t c n q c n « fl = 3 0c (t) n i(e n q) = it. 

On the other hand, we have 

B{Y,Y 1 ) = B(Y, [X,X]) = B([Y,X],X) = a(Y)B(X,X) 

for Y G tc- Since the Hermitian form B(X,X) is positive definite on mc, we see 
that Yi ^ 0. Taking Y = Y u we have 

(3.2) a(Y t ) > 0. 

Since Y 1 G s c and since [Y 1: m c (t, ±a)] = m c (t, ±a) by (3.2), the spaces mc(t, ±a) 
are contained in the derived ideal [s c ,Sc] of s C - So we have s c = [sc>Sc] an d 
therefore 5c is semisimple. If Z G Sc H tc satisfies «(Z) = 0, then Z is contained in 
the center of Sc and hence Z = 0. So we have proved 

(3.3) s c n tc = CY1. 
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We will show that CYi is maximal abelian in s<c fl q c . Let X be an element in 
s c n q c such that [Yi,X] =0. If Y G t satisfies a(Y) = 0, then [Y,X] = because 
Sc is generated by m<c(t, a) © mc(t, —a). Hence X is contained in the centralizer of 
t. By (3.1) X is contained in 3e c (t). Hence X G £ c r\q' c = ^c^qc- Since t is maximal 
abelian in t D q, we have X G tc- It follows from (3.3) that X G CYi. 

Thus the symmetric pair (sc,Sc H i) c ) is rank one and we have the restricted root 
space decomposition 

Sc = 3s c (t) © m c (t, a) © m c (t, -a). 

with respect to CYi. We have such a restricted root space decomposition only when 
(s c ,s c H f) c ) — (so(n + 2,C),so(n + 1,C)) where n = dim c m c (t, a). 
By the classification in |Bej . we have 

(s,s T ) ^ (so(p,g),so(p- l,g)) (g = n + 2-p) 

with some p = 1, . . . , n + 1 since 5 is noncompact. (This can be also deduced from 
[M6 by considering two commuting involutions r and 9 on the compact real form 
(s fl t) @i{s PI m) = so(n + 2).) If p = 1, then we have s D t — sD t)', a contradiction 
to RiY 1 = s n t C 6 n q'. Hence p > 2. Taking s n t = K(£i 2 - #21) CsHq', we can 
compute 

dim c (s c (t, a)nt c )=P- 2. 
Since Sc(t, a) C trie, we have p = 2. □ 

For Z G m we define a parabolic subgroup Pz of G by 

P z = Z G (Z)ex V n z 

where nz = @ A>0 {X G Q | [Z, X] = XX}. For a G £ let Yq denote the unique 
element in t such that a(Y a ) = ni/2 and that B(Y a , t a ) = {0} where t a = {Y G t | 
ot{Y) = 0}. Put a a = exp Y a . 

Theorem 3.2. Suppose that mc(t, a) ^ /or a// t/ie longest roots a in £ and £/iat 
a// t/ie longest roots in £ are mutually conjugate under Wkc\h{^)- Take a longest 
root a m £ and a nonzero element Z of (mc(t, a) © nvc(t, —a)) fl f)'. Taen we aave: 

(i) H'P±z and Ha~ 1 P±z are closed in G. 

(ii) For any element x in the boundary of D, we have 

xHa^Pz n H'P Z ^ or xHa^P-z fl tf'P_ z ^ 0. 

(iii) Assume moreover that dimmc(t, a) >2 or that there exists at G TC\H such 
that Ad(t)Z = —Z. Then for any element x in the boundary of D, we have 

xHa^Pz n H'P Z ± <p. 

Proof, (i) Since Z G m fl h', it follows that H' fl Pz is a parabolic subgroup of H' . 
Hence H'Pz/Pz — H'/H' fl Pz is compact. This implies that H'Pz is closed in G. 
Replacing Z by — Z, we see that H'P-z is also closed in G. 
Identify s with so(2,n) as in Proposition 3.1. Then we have 

s n t = R(£ 2 i - E 12 ) 



EQUIVALENCE OF DOMAINS 



17 



where Ejj, denote the matrix units. We can assume that aeS satisfies a : y(E 2 i — 
E12) !— > iy- Then we have Y a = ^(E 2 i — E 12 ) and therefore the adjoint action of 
a a = exp Y a on s is equal to that of 




on so (2, n) by the identification s = so (2, n). 
On the other hand, Z is of the form 

/0 • 

X± ■ 

xi • 
\0 x n • 





0/ 

E23 + -^32 • 



with some (xi, . . . ,x n ) G M. n — {0}. Put Z = E 2 3 + Then we see that Z is 
Z^ n #(t)-conjugate to rZ with some r£R x . (We can take r > if n > 2.) Since 
P c z = P z for c > and since we consider ±Z, we may assume that 



We see that 



where 



Z' = M(a a y l Z = E 13 + E 31 G s n m n q' = s n m n fj. 

Hence Ha~ 1 P± z = HP± Z ia~ l are also closed in G by the same reason as for H'P± Z . 
(ii) If /i G if and ft/ G if', then we have 

{h!xh)HcCP ±z n if'Piz = h!{xHa- a x P± z n if'P ± z). 

So we may replace x by any element in the double coset H'xH . 

By Remark 2.9 (iii) we have dD = (\J AeBa M(A, l)) c/ . First assume that x G 
M(A, 1) for some A G Then we have x G H'(expX n )aH for some a = expV G 
exp A and a nilpotent element X„ in q' n Ad(a)q. By the above remark we may 
assume that 

x = (exp X n )a. 

By Lemma 2.7 we have 

flc = © m c (t, a) © m c (t, -a). 
Since Sc is generated by mc(t, a) © tnc(t, —a), it is contained in q(? . Since 

b«c(t),«c] c s c , 

Sc is an ideal of 0^ a . Hence s = Scflg is an ideal of p/ a . Let s 1 - denote the orthogonal 
complement of s in with respect to the Killing form on g. Then s 1 - is an ideal of 
Q? a contained in 3t(t). (Note that s may be smaller than Sa in Section 2.) 
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Since Q$ a = 5 © s 1 - and s 1 - C t, the nilpotent element X n is contained in s fl q'. 
By the identification in Proposition 3.1, X n is of the form 

/ -xi x 2 ■■■ x n+1 \ 

Xi 

x 2 

: 

\Xn+l I 

with Xj G R such that x\ — x\ + • • • + Since we can consider any element 

in the double coset H'xH, we can replace X n by an H' fl aif a _1 -conjugate. Since 
fl Ad(a)f) = Q fa fl [)' D s fl f)' = so(l,n), we may replace X„ by some SO(l,n) - 
conjugate by the identification in Proposition 3.1. So we may assume 

X n = ±(£21 — E 12 + 5-E31 + eE 13 ) 

where e = ±1. (We may put e = 1 if n > 2.) By computation we see that 

[Z, X n ] = eX n . 

Since a(Y) = a(Y a ) = ni/2, we can write Y = Y a + Y 1 with Y' e t n s^. Hence 
we can write 

a = a a a 

with a' = exp Y' . 

Since X„ e n £ ^ and since F' G s 1 C 3g(^)j it follows that 

xHa^Pez D xa^Pez = {expX n )a'P £ z = P £ z- 

Hence we have 

(3.4) xHa- a x P eZ n if 'P eZ 7^ 

for £ = 1 or — 1. 

Finally let y be an arbitrary element in the boundary of D. If yHa~ 1 P±z H 
H'P±z = 4>, then xHa~ 1 P±z D H'P±z = <fi for all the elements 1 in a neighborhood 
C/j, of y because yHa^Pz/Pz and H'Pz/Pz are compact. But this contradicts (3.4) 
because dD = ({J AeBa M(A,l)) d . 

The assertion (iii) is also proved in (ii). □ 

4. Proof of Theorem 1.3 

In this section, we will prove Theorem 1.3. So we assume that G is a complex Lie 
group and that H' (= Gr) is a real form of G. 
Since K is a compact real form of G, we have 

dim c m c (t, a) — dim c £c(t, a) = dim C 0(t, a) 

for all a G S(t). Hence we can identify £(mc,t) with the usual restricted root 
system E = E(t) of H' . It is also known that all the longest roots in E are mutually 
conjugate under Wkdh^) for simple H' . So the conditions in Theorem 3.2 are 
satisfied. 
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Here we give the well-known list of simple real Lie algebras f)' and the multiplicities 
n of the longest restricted roots. (Assume p < q.) 



type 


y 


s 


n 




AI 


sue, r) 


A^_i 


1 




All 


al(£ Hf)/R 




4 




AIII 


su( v a) 


BCp or C p 


1 


Hermitian 


BDI 


so(v a) (v > 2) 


Bp or Dp 


1 


Hermitian if p = 2 


BDI 


so(l a) 


Bi 






CI 


*J \ X, • JJ-\i J 




1 


Hermitian 

J_ _l_ V.. J. JLJLJLJL U ACAjJ.X 


CII 


sti(r> a) 


BCL or CL 

J- S V.. Or) V/l * — OQ 


3 




Dili 


SO* (4f) 


c* 


1 


Hermitian 


Dili 




BC* 


1 


Hermitian 


EI 






1 




EII 




F 4 


1 




EIII 




BC, 


1 


Hermitian 


EIV 




Ao 


8 




EV 




Ey 


1 




EVI 




F 4 


1 




EVII 




c 3 


1 


Hermitian 


EVIII 




Eg 


1 




EIX 




F 4 


1 




FI 




F 4 


1 




FII 




BCi 


7 




G 




G 2 


1 




complex cases 






2 





In the following arguments we consider the complex structure only inside g. It 
means that we do not consider the "complexification" of the complex Lie algebra g 
in order to avoid confusion. 

We define a maximal abelian subspace a of m fl q by 

a = RZ © it a 

where t a = {Y e t | cx(Y) = 0}. Take a positive system S(a) + of the restricted root 
system E(a) = S(g, a) so that 

> for all (3 e S(a) + . 



20 TOSHIHIKO MATSUKI 

Then the pair (a, S(a) + ) defines a parabolic subgroup 

P = P(o,S(a)+) 

of G contained in P%. 

Let j be a maximal abelian subspace of m containing a. Let be a positive 

system of the root system S(j) = S(g, j) which is compatible with S(a) + . Then the 
pair (j,E(j) + ) defines a Borel subgroup 

B = B(j,EQ)+) 

of G contained in P. Since a = j fl q is maximal abelian in m fl q and since £(j) + 
is r-compatible, it follows that H'B is closed in G and that HB is open in G ( |Mlj 
Proposition 1 and Proposition 2). Since if is a complex symmetric subgroup of G, 
HB is the unique open H-B double coset in G and therefore H'B is the unique 
closed H'-B double coset in G. 

Remark 4.1. Since Theorem 1.3 concerns orbits on the flag manifold X = G/B, we 
may replace B with any conjugate pBp^ 1 for p G P. 

Let x be an element in the boundary of D. By Theorem 3.2 we have 

(4.1) xHa~ l P z n H'P Z ± 
or 

(4.2) xHa~ l P_ z n H'P_ Z ^ 0. 

If G-r is of non-Hermitian type, then the condition in Theorem 3.2 (iii) is satisfied 
by Lemma 7.2 in the appendix. Hence we have (4.1) in this case. 
Assume (4.1). Then we will show 

(4.3) x(Ha.- 1 pB) d n H'B ^ 

for any p G P. It follows from Lemma 7.1 (i) that HP = HB. So we have 
H'P = H'B ([Ml)- Hence (4.3) is equivalent to 

xiHa^Pf n H'P ^ <f) 

because (ffa~ 1 P) d = (Ha^pB^P. We have only to show 

(Ha- l P) d = Ha- l P z 

which is equivalent to (HP') cl = HPz> where P' = a^ l Pa a . Put 

(4.4) o' = Ad(a- l )a = RZ' © it a . 

Then the Lie algebra p' of P' is defined by the pair (a', S(a') + ) where S(a') + = 
{a o Ad(a a ) G S(a') | a G S(a) + }. Since H and P 1 are complex subgroups of G, we 
have only to show the equality 

(4.5) b + p' = b + Pz'- 
We can write 

Pz>=p'® 0(a',-/3). 

^£S(a')+ ,/3(Z')=0 
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If P E S(a') + satisfies (3(Z') = 0, then it follows from (4.4) that a(3 = -(5 and hence 
erg (a', —0) = g(a',P). So we have p z > C p' + crp' C f) + p'. (4.5) is clear by this 
inclusion. Thus we have proved (4.3). 

Next assume (4.2). Since hd(a 2 a )Z = —Z, we have P_z = a aPz a a 2 - Hence 

xHa- a l alP z a- 2 n H'a 2 a P z a~ 2 ^ <p 

and therefore 

xHa a P z H H'a 2 a P z ^ <p. 
Since H'P Z and H'a 2 a P z = H'P^ z a 2 a are closed in G and since there is only one 
closed H'-Pz double coset in G, we have H'P Z = H'a 2 t P z . Hence 

xHa a P z n H'P Z ^ 0. 

By the same argument as for (4.1) ==>- (4.3), we get 

x(Ha a p'B) d n F'5 ^ 

for an arbitrary p' G P. Thus we have proved (ii) for S = Ha~ l pB U Ha a p'B or 
S = Ha~ pB for arbitrary p and p' in P. 

Remark 4.2. In the following proof of (iii), we must choose p G P (resp. p 7 G P) so 
that Ha^pB (resp. Ha a p'B) is as small as possible. Of course we may also replace 
B with pBp^ 1 for some p G P. The following considerations on orbit structure are 
based on many examples computed in |M()j Section 4. 

Now we will prove (iii). First consider the case where n is odd. Then in view 
of Proposition 3.1 and the choice of Z in the proof of Theorem 3.2, we can take a 
maximal abelian subalgebra t s of s D t D f) (c 3 fl (t)) so that [Z, t s ] = {0}. We may 
choose j so that it contains a © it s . We see that Ad(a~ 2 ) defines the reflection with 
respect to Z on jflSc- Since Ad(a~ 2 ) acts trivially on s^, it acts on j as the reflection 
w z with respect to Z. 

Let ^ denote the set of simple roots in S(j) + . For each subset of ^ there 
corresponds a parabolic subgroup 

P© = BW e B 

of G where We is the subgroup of W generated by {wp \ (3 G 0}. We will show that 

^ $ px 15 H #'P e = 
because the right hand side is equivalent to Ha~ l B n PPe = ( M2]). 

We can study H'-B double cosets by using the Bruhat decomposition as in |Sp . 
By the map 

the double coset H'yB is mapped into T(B)r(y)~ 1 yB. Since S(j) + is r-compatible, 
we can write 

r(B) = w^Bwc 

where w c is the longest element in the Weyl group W c generated by the reflections 
with respect to the compact roots in S(j). Hence by the map 



22 TOSHIHIKO MATSUKI 

H'yB is mapped into 

w c T(B)T(y)~ 1 yB = Bw c r(yY l yB. 

By this map H'a^B is mapped into Bw c a~ 2 B. On the other hand, H'Pq is 
mapped into 

w c t{Pq)w~ 1 w c Pq = P e ,w c P e . 

Here we write w c t(Pq)w~ 1 = Per with some 0' C \P since Wcr(Pe)^ 1 contains 
w c t(B)w~ 1 = B. Since w c a~ 2 normalizes j, it is considered an element of W. So we 
have only to prove that 

(4.6) w c a~ 2 i W e >W c W e . 

Let Zq (resp. Zq/) be a nonzero element in j which is dominant with respect to 
S(j) + and We-invariant (resp. We'-invariant). Then we have 

(4.7) B(Z, Z e ) > (resp. B(Z, Z & ) > 0) 

with respect to the Killing form B( , ) as follows. Z is identified by B( , ) with 
a dominant root 5 in S(j) + (modulo positive constant). It is known that a = 
S/3e* m /3/^ m /3 > f° r an ^ Since (3(Z®) > for all /3 G \I> and since 
/3(Z e ) > for some /3 G it follows that 

5(Z ) = ^m /3 /3(Z )>O. 

Since Z G a, we have 

(4.8) w c (Z) = Z. 
Since Z e and Zqi are dominant for X(j) + , we have 

(4.9) B(Z e ,,Ad(w c )Z e ) < B(Z e ,, Ad( Wl )Z e ) 

for any w\ G W c . 

It follows from (4,7), (4.8) and (4.9) that 

B(Z & , Ad(w c )Ad(a- 2 )Z @ ) = B(Z & , Ad(w c )(Z @ - ^||J|^Z)) 



<S(Z e ,,Ad(«;i)Ze) 

= B(Zqi, Ad(w @ 'Wiw @ )Z @ ) 

for all we G W^e, u>i £ W^c and wq> G W^/. Thus we have (4.6). 
We can also prove that 

^ =>. #'a aJ B n #'P e = 
by the same argument. Thus we have proved (iii) when n is odd. 



EQUIVALENCE OF DOMAINS 23 

5. Proof of (iii) for even n 

In this section we will prove (iii) of Theorem 1.3 when n is even. In this case there 
are no real roots in S(j) and hence 
(5.1) 

there is only one K fl if-conjugacy class of a-stable maximal abelian subspace of m 

([Ml Theorem 2, |Suj Theorem 6). 

By the classification, there are four cases 

H' (= Gr) is complex, All, so(l,g) (q is odd) and EIV. 

5.1. Complex cases 

Let Gi be a complex simple Lie group. Let K\ be a compact real form of G\ 
and #i the conjugation of G\ with respect to K\. Then fli = 6i © mi is a Cartan 
decomposition of 0! where mi = it±. 

Put G = Gi x Gi, H = {(g,g)\ g E d} and K = K 1 x K v Then 

H' = {(g,6 1 (g))\geG 1 }. 

Let a = RZ © it a C m fl q be as in Section 4. Since m fl q = {(X, —X) | X G mi}, 
we can write a = {(X, —X) | X E ji} with some maximal abelian subspace ji of mi. 

Write Z = {Z u -Z x ), a a = (a, a" 1 ) = (exp Y, exp(-F)), it a = {(X, -X) \ X e 
(ji) a } and 

Z' = Adia-^Z = (Ad(a" 1 )Zi, -Ad(a)Zi) = (Z 2 , Z 2 ) e m n t) 

with Z\ 6 ji, V 6 ti and Z 2 £ mi. Then we have 

Ad(a 2 )Zi = -Ad(a)Z 2 = -Zi and Ad(a 2 )X = A for X e (ji) a . 

Hence Ad(a 2 )|jj is the reflection with respect to Z\. 

Let Si denote the root system of the pair (fli, ji) and a positive system of Si 
such that Z\ is dominant for Let B\ be the Borel subgroup of G\ for the pair 
(ji, £+) and put B = B x x Q X (B^). By the map 

(5.2) H'(y,z)B^B 1 y- 1 e 1 (z)B 1 

the decomposition H'\G/B is identified with the Bruhat decomposition Bi\G\/Bi 
of £?]_. Let \l/i denote the set of simple roots in E^. Then every parabolic subgroup 
Pq of G containing B is written as 

Pe = Pe 1 x^i(P 02 ) 

with some subsets 0i and 9 2 of ^i where P^ i = BiWq^i is the parabolic subgroup 
of Gi corresponding to Oj. 

By the identification (5.2) H'a~ l B and H'Pq are identified with Bia8i(a)Bi = 
B\a 2 Bi = B\Wz x B\ and Pe 1 Pe 2 — BiWe 1 We 2 Bi, respectively. Since we assume 
that H'\G/Pq is nontrivial, Gi and Q 2 are not equal to So we have only to 
show 

w Zl <£ W Ql W Q2 . 
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But we can prove this by the same argument as in Section 4 since Z\ corresponds to 
the maximal root in S^. Thus we have proved (iii) when H' is a complex Lie group. 

5.2. All-case 

Since n — 4, the pair {s,s T ) is isomorphic to (so (2, 4), so(l, 4)) by Proposition 3.1. 
By this identification, we can take a three-dimensional maximal abelian subspace 

U = MZ © RZ 1 © RZ 2 

in mflSc where Z = E 23 +E 32 (as in Section 3), Z 1 = _E 14 +_E 41 and Z 2 = i(E 56 —E 65 ). 
Take a maximal abelian subspace j s ± of m H (s _L )c = is ± containing it a . Then 
j = )s ® js-L is a maximal abelian subspace of m containing a = M.Z © it a . By 
computation we have 

Ad(a~ 2 )Z = -Z, M{a~ 2 )Z 1 = -Z u Ad(a~ 2 )Z 2 = Z 2 

and Ad(a~ 2 )X = X for all X G j s ±. 

Let S(a) + be a positive system of S(o) such that Z is dominant for S(a) + . Let 
be a positive system of S(j) which is compatible with S(a) + . Let ^ = 
{ai, . . . , a m } (m is odd) denote the set of simple roots in where 

[l ifA; = j, 
(aj,Q!fc) = < -1/2 if|fc-j| = l, 
[o if|fc-j|>2 

as usual. Then | is odd} is the set of the compact simple roots in \1>. Let 
ttmax = Oil + • • • + Oi m denote the maximal root in Then the four roots 

^max) ^max Oii 7 C^max Oi m and C^max Oil 0i m 

are mapped onto the maximal root a in S(a) + by the restriction of roots in E(j) to 
a. By the Killing form we can identify Z and Zi with a and a vector in Mai ©Ma; m , 
respectively. 
We see that 

P Z = -P*-{ Q2 ,a m _ 1 } = P{ ai }P{ am }Pe 

where 6 = {a 3 , a 4 , . . . , a m ^ 2 }. Since Ha~ l Pz is closed in G by Theorem 3.2 (i), it 
follows that 

Ha^pPeo 

is closed in G for some p G P{ ai }P{ am }. It follows from (5.1) and Lemma 7.1 that 
Ea~ x pB = Ha^-wB for some w G W{ ai yW{ am y = {e, w ai , w am , w ai w am }. (More 
precisely, we can see that Ha^B = Ha^w ai w am B and Ha~ l w ai B = Ha~ l w am B. 
But we don't need these equalities here.) Replace B by wBw' 1 . Then 

Ha-'Peo 

is closed in G. 
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First suppose that contains ©o- If Ha^B C HP®, then HP® contains a closed 
set Ha~ 1 P® . Hence HP® is closed in G. But HP® is also open in G. So we have 
HP® = G contradicting the assumption HP® ^ G. Thus we have 

Ha~ x B n HP® = <f). 

So we have only to consider = ^ — with k — 3, 4, . . . , m — 2. Take a Z® 
as in Section 4. Since w c r(Pe)w~ 1 = Pe, we have only to prove (4.6) for 6' = 0. 
Since a\{Z®) = a m (Z®) = 0, we have 

(5.3) w Zl Z® = Z®. 

Since Z corresponds to a positive constant multiple of 2a max — ol\ — a m and since 

(2a max - «i - a m )(Z e ) = 2a max (Z e ) > 
as in Section 4, we have 

(5.4) B(Z,Z®)>0. 

By (4.8), (4.9), (5.3) and (5.4) we have 

B(Z®, M(w c a~ 2 )Z®) = B(Z®,Ad(w c w z w Zl )Z®) 

= B(Z®,Ad(w c w z )Z®) 

= B{Z®,M{w c ){Z®- 2B B ^ z Z ^ Z)) 

= B{Z®,M{ Wc )Z®)- 2B ^ z Z ^ 

< B(Z®,Ad(w 1 )Z®) 

= B(Z®, M(w®wiw'®)Z®) 

for all w®, w® G W® and w\ G W c . Thus we have proved 

w c a~ 2 i W®W C W®. 



5.3. Cases of So(l,q) (q is odd) and EIV 

In these cases, we have P z = P. (Remark: We only use this condition. So 
the following argument is also valid when H' (= Gr) is real rank one.) Since 
Ha~ x P = Ha^Pz is closed in G by Theorem 3.2 (i), there exists a p G P such 
that Ha^pB is closed in G. If Ha~ x pB C HP®, then ifPe is closed in G. But 
HP® is also open in G. Hence we have HP® = Ga contradiction to the assumption 
HP® 7^ G. Thus we have proved 

HaT^pB n PTP e = <f) 

and we have completed the proof of Theorem 1.3. 
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6. Proof of Theorem 1.7 

Applying Lemma 2 in [GM2 recursively, we can find a sequence of simple roots 
(£ = dim c G — dim c S") such that 

dim c SP ai ■■■P olk = dim c SP ai ■ ■ ■ P ak _ x + 1 

for k = 1,...,£. 

Lemma 6.1. Suppose that H' is of non-Hermitian type. 

(i) If H' is not of Cll-type orFll-type, then 

(S ) — S op P ae ■ ■ ■ P ai - 

(ii) If H' is of Cll-type, then we can take a\ as a compact root and we have 

c' c ' Q' P P 

°l ~ O op r cei ' ' ' r ct 2 

for the dense H-B double coset Si in SP ai . 

Proof. Let Sk denote the dense H-B double coset in SP ai ■ ■ ■ P ak for k = 0, . . . , £. 
Write Sk = Hx^B with a representative Xk such that )k = Ad(xk)j is a a-stable 
maximal abelian subspace in m. Let /3k denote the simple root in 

S(j fc ) + = { 7 oAd(x fc )- 1 | 7 GS(j) + } 

defined by [3k = O-k ° Ad(a;A;) _1 . Since dime Sk = dinicSfc_i + 1, it follows from 
Lemma 7.1 that 

dim(j fc n q) = dim(j fe _ 1 fl q) and (3k is complex 

or that 

dim(jfc n q) = dim(j,t_i fl q) + 1 and (3k is real. 
Especially we have 

(6.1) dimQo n q) < dim(ji n q) < • • • < dim(j^ n q). 
Suppose that (3k is complex. Then it follows from Lemma 7.1 (iv) that 

SkPa k = Sfc-l U Sk- 

Moreover we can take Xk = Xk-iw ak and hence jk = jk-i- By the duality ( |M2j ) we 
have S' k P ak = S^^ U S' k and S' k C S'^^ . Hence 

(6.2) S k ^i = (S k P ak ) d = S k P ak . 
(i) First suppose that n is even. By (5.1) we have 

dimQo H q) = dim(ji n q) = • • • = dim(j £ n q). 
Since (3k is complex for all k — 1, . . . , £, it follows from (6.2) that 

(q'\cl c' c ' c' ci p c' c ' p p c" p p 

Next consider the case where n is odd. Since we assume H' is not of Cll-type or 
FH-type, it follows that n — 1. Take a a-stable maximal abelian subspace j of m 
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as in Section 4 and Section 7.2. Then j' = Ad(a ( ^ 1 )j is cr-stable. So we may assume 
that x = a" 1 . Since ')' D q = it a , it follows from (6.1) that 

dirnQo n q) = • • • = dim(j m _i D q) = dim(j m n q) - 1 = • • • = dim(j^ Pi q) — 1 

for some m. So we may assume that jo = ■ ■ • = j m -i = )' and that ) m = ■■■=)£ = )■ 
We see that the root a G corresponding to Z is the real root defining )' = 
Ad(a Q ; 1 )j from j ( jSuj Theorem 6). On the other hand f3 m is also a real root defining 
the K fl i7-conjugacy class of a-stable maximal abelian subspace containing j'. So 
a and [3 m are conjugate under some w G Wkc\h{))- Replacing x m by wx m , we may 
assume that (3 m = a. Consider the root 7 = a m o Ad(x m _i) _1 = (3 m o Ad(x m x^ ] _ 1 ) 
in S(j m _i). This root 7 is the noncompact simple root in T,(j m _i) + corresponding 
to Z'. 

Since H' is of non-Hermitian type, it follows from Lemma 7.2 that Hw y x m ^\B = 
Hx m -iB. Hence we have 

B U Hc^Xm-iB = S rn -.i U S m 

by Lemma 7.1 (ii). So we have S' m P am = S' m U S' m _ x and 5*^ C S' m Hence 

(6-3) S'm-l = (^m-fa m ) d = ^Jn,' 

By (6.2) and (6.3), we get 

fO'\cl _ ri/d _ n/c!p _ _ q/d p p _ q/ p p 

\° J — — 1 Q i — ' — I a l ' ' ' r ai — °op r at ' ' ' r a\- 

(ii) Take j, S(j) + and ^ (the set of the simple roots in S(j) + ) as in Section 
4. Then j = Ad(a~ x )j is a-stable and dim(j fl q) = dim(j fl q) — 1. Write ^ = 
{ei — 62, £2 — 63, • • • , e r _i — e r , 2e r } as usual by using an orthonormal basis {ei, . . . , e r } 
of )*. Then the compact simple roots are 

e l — ^2, 63 — 64, . . . , e2 s -l — e 2s , C2 S +1 — &2s+2, &2s+2 — C2s+3; • • • 1 1 e r-l — C r , 2e r 

where s (< r/2) is the real rank of H' = Sp(s,r — s). The dominant root 5 
corresponding to Z is 

5 = ei + e 2 . 

The root /3 = 5 o Ad(a Q ) G S(jo) is noncompact. Suppose that (ei — t2) Ad(a a ) is 
compact. Then 2eioAd(a Q ) and 2e2oAd(a a ) are noncompact. Since these two roots 
are strongly orthogonal, we can construct a cr-stable maximal abelian subspace )' of 
m such that 

dim(j' H q) = dimQo n q) + 2 = dimQ n q) + 1. 

But this contradicts that j fl q = a is maximal abelian in mfl q. Thus we have proved 
that (ei — e 2 ) o Ad(a a ) is a noncompact root of E(j ). 

Put oil = e± — e 2 . Then the dense H-B double coset S\ in SP ai is written as 
5*i = HxiB where ji = Ad(si)j satisfies 

dim(ji fl q) = dim(j fl q) + 1 = dimQ fl q). 

Take (X2, ■ ■ ■ so that 

dim c SP Q1 - ■■ P Qk = dim c SP ai - ■ ■ P Cffc _ 1 + 1 
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for k = 2, . . . , i. Then we have 

dim(ji fl q) = dim(j 2 fl q) = • • • = dim(j^ n q) 
by (6.1). Hence /3 2 , • • • , Pe are complex roots and so we have 

q' cl c' cl p _ c' cl p p _ qf p p 

"1 "2 r Ct2 ' ' ' ^ l r OL£ ' ' ' OL2 "op &l ' ' ' Ct'2 

by (6.2). □ 

Proof of Theorem 1.7. We will show that S C Tj = Sf for every j G J. By [GM2 
Lemma 2, there exists a simple root f3 such that SjPp D S op . Hence Sj C S op P/3 
and therefore Sj C S' OX) Pp. Especially j3 is not a compact root. 



If H' is of FH-type, then \l/(j) is F 4 -type and it consists of three compact roots and 
one complex root (3. Hence J consists of only one element j and S ov Pp = S op U Sj. 
So it is clear that 



ScTj 



because S C Tj for some j G J by GM2] Theorem 2. 

So we may assume that H' is not of FH-type. It is known that 

ScSf<^> {S') d D 5; 

f p3] Corollary, pUVj Corollary 1.4). Suppose that S <£ Tj = Sf. Then (S') cl 7$ 
Sj. Hence 

a 1} . . . , at ^ j3 

by Lemma 6.1. (If H' is of CH-type, then S <f_ Tj implies S\ (£_ Tj because S C Sf. 
Hence S[ c ^> Sj and therefore a 2 ,...,a^ 7^ (3 by Lemma 6.1 (ii). Since a% is 
compact, we have a%, . . . , ag ^ /3.) Thus we have 

5 C S'opPe 

with G = $ — {/3}. In Remark 1.2 (ii) we see that HPq = G holds only when 
G = ^ — {(3} with some compact root (3. So we have HPq 7^ G and it follows from 
Theorem 1.3 (iii) that 

sns op p e = ^ 

a contradiction. Thus we have proved S C Tj. □ 

7. Appendix 

In this appendix, we assume H' is a simple Lie group and G is a complexification 
of if'. (So G, H and if' are Gc, K c and Gr, respectively, in Section 1.) In Section 
7.2 we will moreover assume that H' is of non-Hermitian type. 

7.1 Lemma 5.1 in |3ZJ 

First we will review a lemma due to Vogan p/] which is used frequently in this 
paper. This lemma is generalized for arbitrary real symmetric pairs (G, H) in M3J 
Lemma 3. But we will restrict ourselves to complex symmetric pairs for simplicity. 
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The full flag manifold of G is identified with the set T of all the Borel subgroups 
in G. Every /J-orbit in T contains a Borel subgroup of the form 

(7.1) £? = £?(),£+) = Z G (j)expn 

with n = © QgS + 00, a) where j is a a-stable maximal abelian subspace of m and 
E + is a positive system of the root system E of the pair ( |Mlj Theorem 1, |Rj 
Theorem 13). (jc is a a-stable Cartan subalgebra of q.) By the symmetry of H and 
H' every if'-orbit in T also contains a Borel subgroup B of the form (7.1). In |Mlj 
(Corollary of Theorem 3) we defined the natural correspondence between if-orbits 
S in JF and if' -orbits 5" in T so that S and S' contain the same Borel subgroups 
B of the form (7.1). (We remark here that the if'-orbit structure on the full flag 
manifold T was first explicitly studied in |A"j.) 
Roots in S are usually classified as follows. 

(i) If cr(a) = a and g(j, a) C f), then a is called a "compact root". 

(ii) If cr(a) = a and 00, a) C q, then a is called a "noncompact root". 

(iii) If a(a) = —a, then a is called a "real root". 

(iv) If <j(a) 7^ ±ct, then a is called a "complex root". 

For a simple root a of S + , we can define a parabolic subgroup P a by 

P a = B U Bw QJ B. 

Lemma 7.1. ([V Lemma 5.1, c.f. also M'ij Lemma 3) HP a is decomposed into 
H-B double cosets as follows. 

(i) If a is compact, then HP a = HB. 

(ii) If a is noncompact, then HP a = HB U Hw a B U Hc a B and dime HB = 
dime Hw a B = dim^ Hc a B — 1 . ifere c Q = exp(X + #X) some X 6 00, a) snc/i 
£/ia£ c| = w a . {Sometimes HB and Hw a B coincide.) 

(iii) 7/ a is rea/ ; i/iera HP a = HBUHcaBUHc^B and dime Hc a B = dime Hc~ x B 
dim c iTB — 1. i/ere c a = exp(X + 6*X) with some X e 00, a) Pi q' suc/i that c 2 a = w a . 
(Sometimes Hc a B and Hc~ x B coincide.) 

(iv) If a is complex, then HP a = HB U Hw a B. Moreover we have 



dime Hw n B 



dim c HB + 1 if aa G £+ , 
dim c #5-1 i/aa ^ S+. 



7.2 A lemma for non-Hermitian cases 

Suppose that n = dime 0(t, a) = 1 for a longest root a in £(t). Let t be a maximal 
abelian subalgebra of t containing t. Then the restricted root a is the restriction of 
the root 5 for t such that a vanishes on if, = t fl f). 

As in Section 4 define a maximal abelian subspace a = M>Z © it a of m fl q. Then 
j = a © tf, is a maximal abelian subspace of m. Put )' = Ad(a Q ; 1 )j = M.Z' © it a © tf, 
where Z' = Ad(a~ l )Z as in Section 3. Then )' is a a-stable maximal abelian subspace 
of m such that dim(j' fl q) = dim(j fl q) — 1. 

Lemma 7.2. Suppose that H' is of non-Hermitian type. Then there exists a t G 
T fl H such that e a (t) = —1 and that Ad(t) |y is the reflection with respect to Z' . 
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Proof. Clearly we may assume that G is simply connected. So the compact real 
form K of G is also simply connected. Then it is known that K a is connected. So 
we have 

K° = K n H. 

Note that E(t) is identified with the restricted root system of the compact symmetric 
pair (K, K n if). Let Zp be the element of t defined by 

Am/3 

Zp -W0)' 

(It means r y(Z /3 ) = 47rz(7, /3)/(/3, (3) for all 7 G E(t).) Then it is known that the 
lattice 

{Y G t I exp Y = e} 

is generated by {Zp \ (3 G S(t)} (c.f. pvl6j Appendix). 

Note that S(t) is also identified with the restricted root system of H'. It is known 
that if' is of Hermitian type if and only if the following two conditions are satisfied. 

(i) E(t) is C-type or BC-type. 

(ii) dimc£j(t, a) = 1 for the longest roots a in S(t). 

Since we assume if' is of non-Hermitian type and since we assume (ii), the restricted 
root system S(t) does not satisfy (i). Hence there exists a (3 G £(t) such that 

(72) = 1 

Consider the element t = exp(l/2)Zp of T. Since tait)^ 1 = t 2 = expZp = e, we 
have t G K u = K n if . By (7.2) we have 

1 \ 27rz(a^) 

and therefore e a (t) = e m = — 1. 

Since Z' G mc(t, «) © mc(t, — a), we have Ad(t)Z' = —Z'. (Here we consider 
the complexification of the complex Lie algebra q.) On the other hand Ad(t) acts 
trivially on il a © tf,. Hence Ad(t) acts on )' as the reflection with respect to Z' . □ 
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